We study the max-cut problem in circulant graphs C,,,, where C,,, is a graph whose edge set consists of a cycle of length n and all the vertex pairs of distance r on the cycle. An efficient solution of the problem is obtained so that we show that there is always a maximum cut of a particular shape, called a r-regular cut. The number of edges of a t-regular cut can easily be computed.
The construction of maximum cut
The circulant C,,, is the graph on the vertex set V = { 1, . . . , n}, and with the edges (i, i + 1) and (i, i + r) for i = 1, . . . , n, where i + 1 and i + r are taken modulo II. The edges (i, i + 1) and (i, i + r) are called outer and inner, respectively. We will consider only the circulants where every vertex has degree four, i.e., we assume that 12 > 2r > 3.
A cut in a graph G = (V, E) is an edge set 6s : = { ij E E ( i E S, j $ S} for some vertex set S c V, 0 # S # V. The cardinality of 6s is called the size of the cut, and a cut of maximum size is said to be maximum. The max-cut problem is well-studied both in combinatorial optimization and graph theory, see e.g. [2-4, 7-131. The max-cut problem is known to be NP-complete [6] . In this paper we present an O(r log2 n) algorithm to compute the size of a maximum cut for a circulant C,,,. We explain the main idea of our result. We prove that any maximum cut &S must intersect any cycle {i, i + 1, . . . , i + I}, i=l . . 9 n, in almost the same number of edges. More precisely, the cardina&ies of intersections (which are always even) may differ at most by two.
The computation goes as follows. Assume that n and r are fixed. For every integer t > 0, we define a pair II, and uI, such that v, is the unique integer whose parity is the same as the parity of n, and satisfying nt -r s v,r < nt + r; and then set U, = Int -v,rl. In other words, v,r is the multiple of r closest to nt, with v, having the proper parity, and U, is the distance of nt and v,r. For t = 0 we define u,=v,=Oifniseven,andv,,=l, ug=r, ifnisodd. where t = 0, 1, . . . , r, and the parity of t differs from the parity of r. Theorem 1.1 provides an O(r log2 n) algorithm to compute the size of maximum cut, since the computation of one pair u, and v, requires O(log2 n) time, and one has to check O(r) values of t.
The meaning of U, and v, is to denote the number of inner and outer edges, respectively, which are to be deleted from C,,, to obtain a maximum cut. The construction of a maximum cut of C,,, is presented below. It is convenient for us to formulate the procedure with a general input v, since it will be utilized in the next section. In order to construct a maximum cut, it is necessary to specify v : = up, where t* is an optimum value of t from Theorem 1.1.
Construction of a regular cut.
Input: an integer v, 0 < v < n.
Output: a regular cut B(v).
Set p = v/n. Define a sequence a,, a2, . . . , a,, of zeroes and ones by the following system of inequalities pkSi:a,<pk+l, k = 1, . . . , n.
(2) j=l
The cut B(v) is obtained by deleting the following edges from C,,,. Delete an outer edge (k, k + 1) if ak = 1, and an inner edge (k, k + r) if Cafe-' ai = r mod 2. The remaining edges form the cut B(v) of C,,,.
Theorem 1.2. Let t* be an optimum value of t for Theorem 1.1, and v* := v,..
Then the cut B(v*) is a maximum cut in the circulant C,,,.
Informally, Theorem 1.1 says how many outer edges should be deleted from C,,, to obtain a maximum cut, and the above algorithm deletes them as regularly as possible from the outer cycle. The deletion of outer edges determines a bicoloring of (1, . . . , n}, in which the end vertices of deleted edges get the same color, and the end vertices of remaining edges get distinct colors. The proofs of Theorems 1.1 and 1.2 will be given in the next section. We illustrate the computing on circulant C3i,i4. For t = 1, 3, 5 and 7, the value of u, is 3, 7, 11 and 15. The cuts B(3), B(7), B(11) and B(15) constructed by the algorithm are depicted in Fig. l(a)-(d) .
(The full lines are the edges of the cut.)
The maximum in (1) is achieved for both u3 = 7 and us = 11, and the maximum cut has 50 edges.
Two polytopes have been introduced in the connection with the max-cut problem, the bipartite subgraph polytope P,(G) of a graph G, defined as the convex hull of all characteristic vectors of edge sets of bipartite subgraphs, and the cut polytope P,-(G), defined as the convex hull of characteristic vectors of all edge cuts. Clearly, P,(G) c P,(G).
We identify some new facets of these two polytopes in Sections 3 and 4. In particular, we prove that
is a facet defining inequality of PJK,), for every n = kr + 1 where both k and r are even.
Extreme and regular cuts
In this section we introduce two properties of cuts, extremality and regularity, which we need in order to prove Theorems 1.1 and 1.2 formulated in the previous section. We prove here a more general result, Theorem 2.4, saying that every extreme cut is already regular. The size of the maximum cut of a circulant C,,, does not increase monotonously with rz and r, but has many jumps depending on the mutual divisibility properties of n and r. In particular, if n is even and r odd, then C,,, is always bipartite. Some values of the maximum cut for small values of rz and r are given in Table 1 .
Since we will work with edge sets rather than with vertex sets, it is more convenient for us to use letter B (meaning edges of a bipartite subgraph) instead of 6S to denote a cut. Further, we will always use letters u and u to denote the number of inner and outer edges which are deleted from a circulant. In particular, uB and u* denote the number of outer and inner edges, respectively, that are not in a fixed cut B. The numbers U, and ut, depending on a parameter t, were introduced already in the previous section. Since u denotes the number of edges of a cycle of length n which are missing in a cut, the parity of u and rr must agree.
Definition. Let us say that a cut B is extreme, if there is no cut B' such that
vB' c vB, U B' =s UB, and vB' + uB' < vB + uE.
Clearly, every maximum cut is extreme. Let us call any r consecutive outer edges of C,,, an interval, and denote 1, = {(i, i + l), . . . , (i + r -1, i + r)}. An inner edge (i, i + r) will be called the chord of interval Zi, and denoted by ci. Table 1 .
Values of the max-cut in some circulants C,,, (bipartite circulants--n and r even-are not displayed) n r max-cut n r max-cut 6  2  8  13  2  18  7  2  10  13  3  22  7  3  10  13  4  22  8  2  12  13  5  20  9  2  12  13  6  18  9  3  14  14  2  20  9  4  12  14  4  22  10  2  14  14  6  24  10  4  16  15  2  22  11  2  16  15  5  24  11  3  18  15  6  24  11  4  18  15  7  22  11  5  16  16  2  24  12  2  18  16  4  28 Definition. We call a cut Z3 t-regular if there are exactly t missing edges from every interval Z;, i = 1, . . . , r, for which the chord ci belongs to B. A cut is said to be regular, if it is t-regular for some t.
Clearly, if a cut is t-regular, then the parity of t must differ from the parity of r, since 4 U ci forms a cycle of length r + 1 for any i. Also, it is 0 G t G r. Hence, we will assume throughout the paper that the following parity condition on n, r, 'u and t are satisfied.
Assumption.
Numbers 12, r, u and t will always satisfy v=nmod2, and O<v~n; tZrmod2, and
O<tcr. (6)
lJ\BI=t+2.
We get from (8) and (9) that IZ,\Bl = t + 1 and hence
We distinguish three cases. ,n. We By (13) we get pr -1 < pn + sk+r__n -Sk < pr + 1, and (14) holds as claimed. As Itn -rv -l( s r (by the choice of v), we get pr-l=rv/n-l<t<rv/n+l=pr+l.
If the edge ck+l E B(v), then t = Cik_+kr+l , a mod 2 by the construction of B(v).
Hence t = C? , k+l ui by (14) and (15) which proves that B(v) is t-regular. Let u be the number of chords that are not in B(v). In order to show that u = Jtn -vrJ we distinguish three cases.
Case 1: nt > rv.
Then t + 1 > pr + 1. If c~+~ $ B, then Ck_" , k+l Uj = t -1 by (14) and (15). We have rt = $, (,I$:, llj) = (t2 -U)t + (t -1) = nt -U. Proof. As B is extreme, it follows from Lemma 2.1 that B is t-regular for some t, t -r = 1 mod 2. We may assume that n is odd if r is odd because in the case r odd and n even, the theorem trivially holds as C,,, is bipartite, and for t = 0 we have v(0) = 0 and u(0) = 0. Recall that IA,\BI = t f 1 for ci $ B. Set In the former case we call B upper extreme, in the later case we call B lower extreme. Let us note that for an upper extreme t-regular cut B of C,,, we have uB = vBr -nt, and for a lower extreme t-regular cut B we have uB = nt -vBr.
Proof of Theorem 1.1. By Lemma 2.2, the number of edges of a maximum cut of C',,, is at least the value of (1). On the other hand, the maximum number of edges must be attained by a t-regular cut, and hence it cannot be larger than (3) 
Facets of the bipartite subgraph polytope
The bipartite subgraph polytope Z',(G) of a graph G has been introduced and studied in [2] . Here we derive some new classes of facets for this polytope, which are induced by circulants.
We denote by Er and EO the set of inner and outer edges of a circulant, respectively.
The following theorem presents a general sufficient condition for an inequality to be a facet. Proof. As (16) is valid for all extreme cuts of C,,,, it is a valid inequality for PB(G). We need to construct enough bipartite subgraphs of G satisfying (16) with equality. We can suppose that Fl and HI are lower and an upper cuts which satisfy (16) with equality. Moreover, we can suppose that F, contains edges (1,2) and (1, II -r + 1) and does not contain edges (1, n) and (1, r + l), and that HI contains edges (1,2) and (1, I + l), and does not contain edges (1, n) and
(1, n -r + 1). Let cuts F{ and Hi arise from F, and H, by moving vertex 1 into the opposite partition class. Then F; and Hi satisfy (16) with equality as well.
Finally, let Fk, F;, Hk and H;, k = 1, . . , n, be the cuts arising from F, , F I, H, and Hi, respectively, by their rotation, i.e., (i + k -1, j + k -1) E X, iff (i, j) E X, where X stands for 4, F;, HI or Hi. Let
ax S /3
(17)
be a facet of P,(G) such that ax = /3 for all x E P,(G) satisfying (16) with equality. We claim that a, = a, for all e E EI, a, = a0 for all e E E. and a, = 0 for all other e. As xfi, xF;, nH1 and xHi satisfy (16) and hence also (17) with equality, we get and 0 = axfi -aF' = ao.2) + a(l.n--r+l) -ao,,) -ao,,+i)
It gives a (1,2) = a(,,,) and a(,,,+,) = a(l,n_r+l). As both E. and E, are cycles, using graphs Fk and Hk, we derive that a, = a,,, for all e, e' E EI and a, = a,., for all e, e' E E,. If e E E(G)\(Eo U E,) then there is at least one k such that Fk U {e} is the edge set of a bipartite subgraph of G, and hence a, = 0. As graphs 4 and H, contain distinct numbers of outer and inner edges, we get that (16) is a positive multiple of (17). q Remark 3.2. It is easy to see that conditions (i) and (ii) of Theorem 3.1 are also necessary for (16) to be a facet of Z',(G). We conjecture that (iii) is necessary, too.
We present below some concrete cases of the above facet (16). 
A facet of the cut polytope
The cut polytope P,(K,) of the complete graph K,, is defined as the convex hull of characteristic vectors of all cuts of K,. A recent survey of results concerning facets of cut polytope can be found in [4] . In this section we prove that the inequality (18) in Corollary 3.4 is also a facet of the cut polytope for the value j = 1. This section is self-contained, because we present a direct simpler proof of the validity of the inequality (22). We will use the following lemma. 
Substituting (23) into (26) we get kr -1 3 kr + 1, which is a contradiction. Let ax < 6 be a facet of P,-(K,) such that ax = p for all x E P&K,) satisfying (22) with equality. Using the same arguments as in the proof of Theorem 3.1 and Corollary 3.3, we can prove that up = up,, for either e, e' E E. or e, e' E E,. Moreover, as .?("I) and x~(~~-*) satisfy ax = p and jB(v,)l = IB(v, -2)1, we also have a, = up', for e E Eo, e' E E,. Finally, let e = (u, v) I$ E. U E,. We show that a, = 0, which will finish the proof.
We apply Lemma 4.1. In order to satisfy the assumptions of Lemma 4.1, it is enough to find a cut B of C,,, such that axB = /3 and deg,(u) = deg,(v) = 2. We can suppose that u = 0 and v < n/2. We distinguish two cases. Case (i) v E (2, . . . , r -1).
Delete from E. edges (r+l,r+2), (2r+1,2r+2), . . . , ((k-l)r+l, 
